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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative, any order
fractional derivative of inverse fractional trigonometric function is obtained. The fractional binomial series and a
new multiplication of fractional analytic functions play important roles in this article. In fact, these results we
obtained are generalizations of those in traditional calculus. Moreover, the new multiplication is a natural operation
of fractional analytic functions.
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I. INTRODUCTION

In applied mathematics and mathematical analysis, fractional calculus theory is used to deal with any real or complex order
of derivatives or integrals. Its first appearance is in a letter written to L'Hépital by Leibniz in 1695. Over the years, many
mathematicians have used their own symbols and methods to find various definitions that conform to the concept of non
integer derivative or integral. The definitions of fractional calculus mainly include Riemann-Liouville (R-L) type, Caputo
type, Grunwald-Letnikov (G-L) type, Weyl type, Riesz type, Jumarie type, etc [1-5]. Fractional calculus provides a good
tool to describe physical memory and heredity. Fractional calculus has been applied to many fields such as biological
materials, control and robotics, viscoelastic dynamics, chaos, and quantum mechanics. Those applications have also
accelerated the development of the theory of fractional calculus [6-11].

Based on Jumarie type of R-L fractional derivative, this paper obtained arbitrary order fractional derivative of inverse
fractional trigonometric function. The major methods we used are the fractional binomial series and a new multiplication
of fractional analytic functions. And the results obtained in this article are generalizations of the results in ordinary calculus.

I1. DEFINITIONS AND PROPERTIES

The fractional calculus used in this study and some properties are introduced below.
Definition 2.1 ([12]): Suppose that 0 < @ < 1, and x, is a real number. The Jumarie's modified R-L a-fractional derivative
is defined by

__ 1 dxfO-fxo
G @] = o T de. @)

And the Jumarie type of R-L a-fractional integral is defined by
(] = 7= [ Lo, @)

I'(a) “Xo (x—t)1~@

where I'( ) is the gamma function. In addition, we define (XOD,‘j‘)n[f(x)] = (1, D8) (x,D%) = (1, D) [f ()], and it is

called the n-th order a-fractional derivative of f(x), where n is any positive integer.
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Proposition 2.2 ([13]): Let a, B, x,, C be real numbersand 8 = a > 0, then

(oo D)6 = %) = ;220 (e = x0)F %, )

and

(xD¥)[C] = 0. (4)
The following is the definition of fractional power series expansion of fractional function.
Definition 2.3 ([14]): Let x, x, and ¢, be real numbers for all k, and 0 < a < 1. The series Y5, cx (x — x¢)** is called a
real a-fractional power series. Its disk of convergence intersects the real axis in an interval (x, — s, x, + s) called the

interval of convergence. Each real a-fractional power series defines a real valued sum function whose value at each x in the
interval of convergence is given by

fa(x®) = Xizo e (x — x0)* . (5)
This series is said to represent f;, in the interval of convergence, and it is called a a-fractional power series expansion of f,

about x,.

Definition 2.4 ([14]): Let 0 < a < 1 and f, be a real valued a-fractional function defined on an interval I contained in R.
If f, has o-fractional derivatives of every order at each point of I, we write f, € C;°(I). If f, € C°(I) on some
neighborhood of a point x,, the series

k
(xoD%) [F(0)](xo)
I'(ka+1)

k=0 (x— xo)ka (6)

is called the a-fractional Taylor series about x, generated by f,. To indicate that f,, generate this fractional Taylor series,
we write

k
(xoDE) [F(1(x0)
I'(ka+1)

fa(x*)~ Xio (x = x0)". ()

Theorem 2.5 ([14]): Supposethat 0 < a < 1, and £, (x%) = Y5, cr(x — x¢)**. Then

k
(xoD$) [£ ()] Cxo)
I'(ka+1)

fa(x%) = Yo Cx = xp)". )

Next, a new multiplication of fractional analytic functions is introduced.
Definition 2.6 ([15]): If 0 < a < 1, and x,, is a real number. Let f,(x%*) and g, (x%) be two a-fractional analytic
functions defined on an interval containing x, ,

Fulx®) = B s (= 30) = N0 % (s = 0)) (9)
0 = T s (= 20) = N0 2 (s = x0)) (10)
Then
f () ® ga(x)
= Xi=o F(ka+1) P & %) @ Xizo I‘(ka+1) (x = xo)"
= 22 0mrs (Zhimo () @ucmbn) G = x)*e. (11)
Equivalently,
() ® ga(x)
= 500 (i = 10)7)” ® T (g - 1))
= 502 (Shieo (X) arcmbn) (s e = 30)%) 12)
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Definition 2.7 ([15]): Let 0 < @ < 1, and f,(x%), g.(x%*) be two a-fractional analytic functions defined on an interval
containing x, ,

Fux) = B ot (= x)* = S0 B (A - 0)) (13)
9a(r) = B mot (e = 1) = X 2 (A = x)?) (14)
The compositions of f, (x%) and g, (x%) are defined by
(fa © 9) 6D = fu(9x)) = B0 2 (92 x) ™", (15)
and
(G © f) (6D = Ga(fux) = Do (fux) ™" (16)
Definition 2.8 ([15]): Let 0 < a < 1. If f,(x%), g,(x%) are two a-fractional analytic functions at x, satisfies
(fo° 9 %) = (g © f) (6D = 1o O = x0)° (17)

Then f,(x%), g, (x%) are called inverse functions of each other.
The followings are some fractional analytic functions.
Definition 2.9 ([16]): If 0 < a < 1, x is a real number, and x“ exists. The a-fractional exponential function is defined by

1

a 0 ka o 1 1 a ®k
Ea(x) = X0 e © = Ziogs (o ©°) (18)
Remark 2.10: The smallest positive real number T, such that E,,(iT,) = 1, is called the period of E, (ix®).
Definition 2.11([16]): The a-fractional cosine and sine function are defined respectively as follows:
w _ (D ok 1 ®2k
€050 (x*) = L0t ¥ = Xieo Gy G ¥°) (19)
and
; @y — Joo n* QCk+Da _ yo (-1* 1 o\ @R+
sing (x) = Xio T(k+Da+D) ™ = Zk=o (2k+1)! (F(a+1) ) ' (20)
In addition,
sec,(x%) = (cos(,,(x"‘))(@_1 (21)
is called the a-fractional secant function.
csc,(x%) = (sina(x"‘))(g_1 (22)
is the a-fractional cosecant function.
tan, (x%*) = sin, (x%) Q sec, (x%) (23)
is the a-fractional tangent function. And
cot,(x%) = cosa(x*) ® csc, (x%) (24)

is the a-fractional cotangent function.

Next, we introduce inverse fractional trigonometric functions.

Definition 2.12([17]): Suppose that 0 < a < 1. Then arcsin,(x%) is the inverse function of sin,(x%), and it is called

inverse a-fractional sine function. arccos, (x%) is the inverse function of cos, (x%), and we say that it is the inverse a-
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fractional cosine function. On the other hand, arctan, (x%) is the inverse function of tan, (x%), and it is called the inverse
a-fractional tangent function. arccotan,(x%) is the inverse function of cot,(x%), and it is the inverse a-fractional
cotangent function. arcsec,(x%) is the inverse function of sec,(x%), and it is the inverse a-fractional secant function.

arccsc, (x®) is the inverse function of csc, (x%*), and it is called the inverse a-fractional cosecant function.

The main methods used in this paper are introduced below.

1
ra+1)

Theorem 2.13 ([17]): Suppose that 0 < a < 1 and | x“| < 1.Then

. 218(-3)
(oD)laresing e = [1 - (252) "] 7, (25)
®(-3)
( oD&)[arccos,(x®)] = — [1 - (F(:H)x“)@z] , (26)
®(-1)
( oDE)[arctan, (x®)] = [1 + (F(;H)x“)@z] , (27)
®(-1)
(oD&)[arccot, (x¥)] = — [1 + (F(;H)x“)@z] . (28)
Theorem 2.14 ([17]): Let 0 < a < 1, then
arcsin,(x*) + arccos,(x*) = %, (29)
and
arctan,(x*) + arccot,(x*) = %. (30)

Theorem 2.15 ([14]): If 0 < a < 1 and r is a real number, then the a-fractional binomial series

®r Rk
1 a _vo Mk 1 a v Ok ka
(1 + F(a+1)x ) = Yk=o T (—F(a+1)x ) = Ykeo 1,(mﬂ)x , (31)
and
e D8 (1 ok (CED)"
— a I 1 a _ v e
(1 Ta+D ™~ ) = Xk=o o (F(a+1)x ) = Yk=o Thasn X - (32)
Where (r), =r(r —1)-- (r — k + 1) for any positive integer k, (r), = 1, and |F(a1+1)xa| <1

I11. MAIN RESULTS

2
ra+1)

Theorem 3.1: If 0 < a < 1, x is a real number, and | xz”‘l < 1. Then the a-fractional Taylor series of some inverse

a-fractional trigonometric functions

[(2K)1]? x(2k+1)a (33)

22k (kD21 (2k+1)a+1) !

arcsing (x*) = Yrep

arccos,(x) = % — Zio 221‘(k!)z[f‘2(2£42-1)a+1) x(rDe ! (34)
arctan,(x*) = Zf:o%x(ﬁﬂ)a , (35)
arccot,(x*) = % - Z?:o%xmﬂ)a : (36)
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1
'(a+1)

Proof: arcsin,(x*) = ( OI:) [[1

1

_) (
()|(
(

-Dk(- ) (k+1)!
= Xk- 0 ki(2k+1)I((2k+1)a+1)

(1)"—

1
r'(a+1)

(o) [

- 1)k(—1)k

0*(-3),

= Xk=o k!(2k+1)

1
r'(a+1)

=Yoo

1
I(a+1)

)®(2k+

[2K)1)?
22K(kD2r((2k+1)a+1)

= 21?:0

. ) Toq -
Moreover, since arcsin,(x*) + arccos,(x*) = :"‘, it fol

arccos,(x%) = T4—“ — Yo

On the other hand,

( oD&)[arctan, (x®)] = [1 + ( x“)

r(a+1)

1) k!

'

(—D)¥(2k)!

ZkO

(-1)k
2k+

1

_ZkO

_Zko

Furthermore, since (x*) + arccot,(x*) = %

arccot,(x*) =

Xa)®2]®( 2

1)
01 [Zk (-

()l

I(a+1)

F((2k+1)a+1)

ZkO

ust 2022, Available at: www.noveltyjournals.com

1

] (by Theorem 2.13)

®2k
x"‘) (by Theorem 2.15)

o]

EY)

(2k+1)a

(k+1)a .

lows that

[(26)1]?

(2k+ 1)a_

=022k (k) 2r(2k+1)a+1)

(-1
(by Theorem 2.13)

7]

k 1

F(a+1)

®2k
x"‘) ] (by Theorem 2.15)

"]

QQk+1)
)

1
I(a+1)

k+1a

it follows that

(-D*(2k)!

Qk+Da
I‘((2k+ Da+1) !

Q.ed.

Notation 3.2: If s is a real number, then the smallest integer greater than or equal to s is denoted as [s].

Theorem 3.3: Assume that 0 < @ < 1, nis a positive integer, x is a real number, and |

ra +1)

order fractional derivative of inverse a-fractional trigonometric functions are

(oD£) laresing(x)] = T jn-n

( 0D,‘é‘)n[arccos,,,(x"‘)] = _Z;::[nT—l]

[(2K)1)?

k-n+1)a
22k(k!)2[‘((2k—n+1)a+1)x ' (37)
[2i)n? (k-n+1)a
22K (1)1 ((2k—n+ Da+1) , (38)
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« (-D*2k)! (2k-n+1a
(OD ) [arctan,(x%)] = Zk =) Fk-nr DarD) DD~ , (39)

a\" a\] — _ V' (_1)k(2k)! k-n+1)a
(ODX) [arccot,(x®)] = Zk=[nT—1] TR . (40)

[N?
Proof (OD“) [arcsing (x®)] = D“) [Zk 0ZZk(k!)ZF((2k+1)a+1)x(2k+1)a] (by Theorem 3.1)

R 17 [(2K)!] a (k+1)a
= Xk=o0 22K (kD2r((2k+1)a+1) ( 0 ") [F((2k+1)a+1) ]

=y [(2Kk)1]? (2k-n+a
k:["T‘l] 22k (12T (2k-n+1)a+1) '

( 0D,‘;‘)n[arccosa ] =( OD,?)n [%‘" - arcsina(x“)]

_ [(2K)1)? Qk-n+1a
- Z [”’]sz(k')Zr((Zk miDarD) Y '

( ng)"[arctana(xa)] = ( oncx)" [Z;‘QOM?‘(ZR“)“]

r'((2k+1)a+1)
= k | a1 (2k+Da
Zk 0( 1) (Zk) OD ) [F((2k+1)a+1) ]
=y _ DR (2k-ntDa
- Zk—["—_ll M(@k-n+Da+D) * :
a\™ a a\" T, @
(ODX) [aTCCOta(x )] = ( ODx) Z - arctana(x )
—y® __ DR @k-nia
Y Tenr e © : Q.e.d.

IV. CONCLUSION

As mentioned above, this paper obtained any order fractional derivative of inverse fractional trigonometric function based
on Jumarie type of fractional derivative. The main methods we used are the fractional binomial series and a new
multiplication of fractional analytic functions. In fact, these results in this study are generalizations of those in classical
calculus. Moreover, the new multiplication is a natural operation of fractional analytic functions. In the future, we will
continue to study the problems in applied mathematics and fractional calculus by using the new multiplication and the
fractional binomial series.
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